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ABSTRACT: The effects of sequential cross-linking and scission of polymer networks formed in two states of
strain are investigated using molecular dynamics simulations. Two-stage networks are studied in which a network
formed in the unstrained state (stage 1) undergoes additional cross-linking in a uniaxially strained state (stage 2).
The equilibrium stress is measured before and after removing some or all of the original (stage 1) cross-links.
The results are interpreted in terms of a generalized independent network hypothesis. In networks where the
first-stage cross-links are subsequently removed, a fraction (quantified by the stress transfer fijpctidhe
second-stage cross-links contribute to the effective first-stage cross-link density. The stress transfer functions
extracted from the MD simulations of the reacting networks are found to be in very good agreement with the
predictions of Flory and Fricker. It was found that the fractional stress reduction upon removal of the first-stage
cross-links could be accurately calculated from the slip tube model of Rubinstein and Panyukov modified to use
the theoretical transfer functions of Fricker.

1. Introduction formed a separate independent network in parallel to the existing
The long-term aging of elastomeric materials is fundamentally network.
different from viscoelastic stress relaxation. Short-term stress
Ootal(V1V2Aidy) = 0(vy,A) + 0(vp,Aidy) 1)

relaxation is a function of chain diffusion and reequilibration
of a perturbed network. Chemical aging, however, involves | 1vis th ber density of K chains introduced
changes in the connectivity of the network caused by bond In €q 1,v1 Is the number density of network chains introduce

formation and scissiofr.® Chemical aging shows effects on Ic? th(_a unfstrainedksta;]tiaé 1 (stgge (1j)/hand/z12 s the n2um_lt_)r(]e r
much longer time scales than the diffusive physical relaxation, ensity of network chains introduced at= 4 (stage )'. e
determining the changes in elastic properties of polymer state of ease of the stage 2 network is the state in whichzthe
networks over years and decade$. Chemical scission additional chains/volume were added. Equation 1 can be used

without additional cross-linking is treated by noting that since to predict propgrtles of t_he mate_nal, such as the permanent_ s_et
the cross-linking constraints simply locked in equilibrium and stress/strain behavior, provided one has a rubber elasticity

; g
network constraints, removing a portion of those constraints the_or_y Expression fow(v.4). Flory rlgorous_ly proved the
produces a network similar to one where the removed Cross_vaI|d|ty of the independent network hypothesis of Tobolsky for

links never existed. Hence, the stress depends only on the curren® netwo!rk of Qaussian _chains with the affine deformation
value of the cross-link densit}2 The effect of scission is to assumption. Frickérprovided an analogous proof for the

lower the modulus of the network, without affecting its state Phantom Gaussian model, where junctions are allowed to
of ease. fluctuate and chains are noninteracting. The independent

The constitutive behavior of networks is much more network hypothesis has been used with general constitutive

complex if the system undergoes cross-linking under strained elastlglty mO(ljleIs by W'"e".‘a" and co-workérand various
conditions. In this case the constitutive behavior of the experiment®-11on elastomeric networks have tested its efficacy.

elastomer depends on coupling between the cross-linkingh Rec;]ent_lyl,ll?jwe ha\;e |n|vesggated_the |_nde|pe_ndent fnibtt\;vo(;k
and strain histories of the network. Early work, originating ypothesis using molecular dynamics simulations of bea
with Tobolsky and co-workers;® established the effect of spring polym.er ”et‘.“"?f"s formed by cross-hn.klng attwo distinct
additional cross-linking (postcuring) on the network pro- strain states: the initial state of the unstrained network and a

perties for the classical affine and phantom models of subsequent uniaxially deformed state._ln our flrs_,t pépere
rubber elasticity. Tobolsky proposed a method for con- demonstrated that the stress recorded in the strained state (

sidering the effect of additional cross-link formation in strained if:)cc\),\rlgznggt E.itfge;tef l% %qg't'g.r;glctcem%:l:gg J]?trr:ga;f: rlgc
networks. For uniaxial tension with a deformation ratiche with €q -, providing di v uracy

propose xiependen nenvrk ypaeshere adtonal %34 UIY 1 U niebentert nenvrk ot These
cross-links introduced at = A, could be treated as if they ' ’

properties of the network when the applied stress was removed.
The networks exhibited a significant permanent set. In our

Igga’;;sklyaggr’:‘;%%gﬁgﬁes second papé? we used MD simulations to determine the
$ University of Aarhus. ' permanent set of networks postcured in the strained state. These
DENS Lyon. MD results were compared with predictions from the indepen-
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Figure 2. Schematic example of a mechanism for the stress transfer
F— ——————————— of stage 2 to stage 1 cross-links. (a) A network is formed in the
0,038 ettt e 07 unstrained state at stage 1 with the cross-links denoted as solid circles.
’ ’ s ’ (b) The network is strained and a stage 2 cross-link is introduced
o v denoted by the open circle. (c) One of the stage 1 cross-links is removed,

2 .
) H ) ] and the stage 2 cross-link now assumes the role of the removed stage
Figure 1. Stress afl, = 2.0 for a two-stage network with all the first 1 cross-link.

stage cross-links removed (points). The upper solid line represents the
stress before any cross-links are removed. The dashed line is the .
entanglement contribution to the stress. should simply be the stress due to the entanglements locked
into the first stage, represented by the lower (dashed) line. The
recorded stress, however, varies monotonically with increasing
stage two cross-link density, indicating that cross-links added
in the second stage before the removal of the original cross-
links retain some memory of those earlier cross-links. The details
of the network simulations will be presented in the next section.
The failure of the original independent network hypothesis
r networks undergoing scission was addressed for Gaussian
networks by Flory for the affine model and by Frick&for the
phantom network model. In Figure 2 we can see intuitively why
the independent network hypothesis breaks down. Panel (a)
depicts a stage 1 network where the cross-links (filled circles)
were introduced at zero strain. In particular, let us focus on the
network chain +2 between cross-links labeled 1 and 2. In panel
(b) a two-stage network is created by uniaxially deforming to
Az the stage 1 network and introducing a stage 2 cross-link (open
circle). No additional stress arises because this stage 2 cross-
link is at its state of ease ab. Hence, the network chain-12
- . is unchanged by the presence of the new stage 2 cross-link. In
the stress al = 1, when some or all the original cross-llnkst panel (c) vgve rer):wove(?the original stage 1 crogs-link labeled 1.

discuss & generalizaion o the ndspendent netvork hypothesid (01 at now the stage 2 cross:link (now abelidakes over

to describe simultaneous scission and cross-linking. We will the role of the removed cross-link by preserving _the °T'9'”a'

then review the computer simulation methods used. to study netvyork chain +2 that would be therW|se elastically inef

reacting networks. Results will be presented for #teess fective. Thus, _the stage 2 cross-links play the role of the
. ) . . stage 1 cross-links that are removed from the network due to

transfe_r functlor_n_eedeq to obtain effectlv_e stage 1 and stage 2 SCISSION.

\(/;\/rc?rsks-::;'p()o?ﬁgzilge\?v.illl: IQ:”K’S;TV%Q etﬁlélzsl?pl?jsgerggzgi rtlgt- By considering the intrachain distribution function in an

affinely deformed network, Flofyderived a distribution of

compute the stresses of stage 2 nemorks undergoing CrOSS'segment extensions in a network formed in two stages. When
linking and scission. Comparisons will be made between the

theoretical predictions and our MD simulations no cross-link_s are removed, t_he i.ndepenqlen.t ngtwork model is
' shown to be rigorous. By considering the distributions after some

of the first stage cross-links are removed, Flory deduced a stress

transfer functiond that represents the fraction of stage 2 cross-
Consider what happens to the stress of a two-stage networklinks that assume the role of the removed stage 1 cross-links.

when all of the original stage 1 cross-links added after network The independent network hypothesis in eq 1 can thus be

formation are subsequently removed so that 0. According preserved by replacing andv; in eq 1 by theeffective densities

to the independent network hypothesis in eq 1, if the deformation of network chainsyiff and vg“_

ratio is held atl = A, the stress would decreasedig the stress

due only to trapped entanglements when the network was cross- eff _ eff _ . eff eff

linked ir): the m%pl)t state. Agrather surprising result was found as T2 V2 Ada) = 00 A) 0l A2 )

illustrated in Figure 1. The upper line in this figure is the stress

prior to the removal of all the original (first-stage) cross-links.

The dashed line in Figure 1 corresponds to the entanglement

stress. The stress from the MD simulation, however, is

significantly greater than the entanglement contribution in off

violation of the independent network hypothesis. A'veal vy = v+ Oy,

application of the independent network model developed in our off

previous papé? would suggest that the stress for such a network v, =1 - P, 3)

dent network hypothesis used together with various rubber
elasticity theories. Models that include entanglement constraints,
specifically the slip tube model of Rubinstein and Panyudkov
and the double tube model of Evera&r3éwere in very good
agreement with the simulations.

In actual applications of elastomeric materials, it is usually fo
the case that both scission of old cross-links and formation of
new cross-links occur simultaneouslyhe purpose of this paper
is to study the simpler case of sequential cross-linking and
scission occurring in a strained network. Flory and Fricker
predicted a reinforcement of the earlier network through a partial
transfer of effective network chains wigitress transfer functions
for the affine and phantom models, respectivetyn this work
we started with two-stage networks formed by introducing
network chains per volume in the unstrained state, followed by
the introduction of a, network chain density in the uniaxial
strain state at = 4,. We then used MD simulation to determine

2. Generalized Independent Network Hypothesis

The total number of effective cross-links is equal to the total
number of cross-links remaining in the system, wibhap-
portioning second-stage cross-links between stages.
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Flory’ obtained the following expression for the stress transfer where o, ; and e are the Lennard-Jones parameters. A FENE
function of an affine network potential interactiotf is added between bonded sites, either on
the original chain or between cross-linked sites

[

® =2pgsy [(1 —q—9)/(1—p)(L -] *x

k
Veendn) = — SR IN[L = (MR)"T  r =Ry
Z[g/(g + 0L — P Z[n/(n +I(L — p)"** =0 1>R, 8
(4)
1- p)2(1 . q)2 where Ry = 1.50.; and k = 30¢/o.2. MD simulations were
performed in a NVT ensemble using the LAMMPS parallel MD
wherep = vilpm, q = (v1 + v2)lpm, ands = (Vi — v1)lpm. Vi code!® The simulations typically used between 18 and 36

andw; represent the number density of stage 1 network chains Processors, with individual runs usingl 700 processor hours/
before and after removal, respective]y' ancﬂs the monomer million time steps. The molecular dynamics time step was#0.01
density. For the case when all the stage 1 cross-links arewhere the characteristic timeis= oL,(m/e)*?in Lennard-Jones
removed (i.e.p1 = 0), eq 4 can be approximately written in ~ units, andmis the mass of a bead. The simulations employed

closed form a% periodic boundary conditions at a reduced monomer density
por® = 0.85 and reduced temperatuigT/e = 1. MD
ove v, (v, Vi 2 V] simulations were used to prepare two sets of netwbréienoted
O =f—+—In|—=+ =] In[— (5) as A and B, that differ in the way cross-links are introduced
3va v v, V2 T,
1 and removed.

Network A started from a melt having 500 chains of 500
sites each. Four percent of the sites on each chain were randomly
designated as reactive, subject to the condition that pairs of
reactive sites were separated by at least two bonds. The system
was equilibrated before any reactions were performed. At regular
time intervals the MD simulation was stopped, and the distances
(6) between all pairs of reactive sites were evaluated. Pairs of sites

VT within a capture radius of 163; were then covalently bonded

with some probabilityg. The time intervals between reactions

Note that Fricker's approximation remains valid for phantom andq were adjusted so that quasi-equilibrium conditions were

networks when any portion of the initial cross-link density is  maintained. The cross-linking reactions exhibited second-order

removed. These theoretical forms of the stress transfer functionsyjnetic<2 until high conversions where the reaction becomes

will be tested by comparing with stress transfer functions jffysion-controlled. Networks A were determined to have a

obtained directly from our MD simulations. gel point atvge = 0.0032647,>. Network A samples were cross-

3 MD Simulations linked to various levelsig = 0.00686 5%, 0.01366 5%, and
0.020445%), corresponding to average degrees of polymeriza-

In this investigation we performed MD simulations to study tjon between chemical cross-links of 125, 62.5, and 41.7 sites,
the effects of scission of stage 1 cross-links in two-stage regpectively.

networks. Two-stage networks were prepatédin a sequence
where (i) a melt of linear chains is cross-linked at zero strain
(stage 1), (ii) the system is elongated at constant volume to a
stretch ratio ofi, where additional cross-links are introduced
(stage 2), and (iii) a portion (or all) of the stage 1 cross-links
formed above the concentration required for network percolation

are removed. This sequence is illustrated schematically in the el :
first two panels in Figure 2. Stage 1 networks originated from a0 average degree of polymerization between cross-links of 100

an equilibrated melt of linear chains where sufficient cross- MONOMers ¥, = 0.008561%) or 50 monomersy = 0.017/
links are introduced to be well above the gel point. A uniaxial 9L2°), respectively. Because the initial chains are much longer
strain (at constant volume) was then applied followed by the in network B than A, the gel point occurs at lower cross-link
introduction of additional cross-links to form the second-stage. densities estimaté¥** asvgel = 0.00029415°).
To match Flory's notatio,we usev; and v, to denote the Both networks A and B started with a cubic, periodic box
number density of network chains (twice the cross-link density with sides Lo in the unstrained state. The networks were
for tetrafunctional junctions) introduced at stages 1 and 2, uniaxially deformed by changing the box lengthilg in the x
respectively, and’; the number density of stage 1 network direction and td_o/+/4 in they andz directions so the volume
chains remaining. remains constant. This deformation is accomplished by a series
As in our previous studies, we employed the standardbead of small affine deformations{x;y;,z} — {%AAyi/(AL)Y2z/
spring model’*8 for the polymers where the beads interact (AA)Y3 until the desired strain is achieved. The molecular
through a truncated Lennard-Jones potential dynamics simulation proceeded during the constant-volume
deformation process, so that even though the individual small

for the affine model wheret = v] + v,.

For the case of the phantom network model, Frigkieduced
an approximate expression for the stress transfer function that
is much simpler than the corresponding Flory expression in eq 4.

E
V1=V
D =

Network B originated from a melt of 80 chains of 3500
monomers. By contrast with network A, the cross-links in
network B were introduced in a single step. The melt of chains
was equilibrated in the unstrained state, after which 1400 or
2800 randomly chosen pairs of sites within a capture radius
1.301; were cross-linked instantaneously. This corresponds to

V(r) = 46[(@)12 _ (@)6 + 1 r < U8, steps were affine, th_e network was _aIIowed to adju_st, so that
r r 4 H the overall deformation was nonaffine. The stressin the
6 direction of strain is obtained from the simulation through the
=0 r> 270, () stress tensoP; according té°
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3 1 Table 1. Stress Transfer Function Results from Networks A
o,=—P,——)P; 9 :

X 2 xx ZZ t ( ) ULJg(Vl_ Vgel) oLvy o(v1— Vgel) [0] x
x 108 x 108 x 108 [} 10%(eloLr®)

The networks were deformed to an extension ratidpfind 3.5 6.8 0 0.32 8.71
stage 2 cross-links were added to the system. For the network gg %g-i g 8-12 g-gg
A simulations, the system was equilibrated fo2 x 10 “, 103 68 0 064 934

after which the_ stage 2 cross-links were added gradually at_the 10.3 6.8 35 0.43 10.5
same rate as in stage 1. For network B the stage 2 cross-links 10.3 13.6 0 0.32 9.34

were added immediately after deformation. After the second 103 13.6 3.5 0.23 10.6
stage cross-links were introduced, both networks A and B were gi g'g g 5 %‘%(6) 1%886

equilibrated for (+2) x 10°r; the stress was averaged over 171 6.8 103 0.26 13.1

the last (3-5) x 10'z which is sufficient to achieve equilibra- 2500 chains of 500 monomers. Initially 1000, 2000, or 3000 cross-links
i3 . . ) . ) , -
tion.™ After O!)talnlng the stresses fc,’r,the various two st{;\ge were added and the resultant network strainediic= 2.0. Reactions
networks, various numbers of the original Sta_Q? 1 cross-links continued until 1000, 2000, or 3000 additional cross-links (to a maximum
were removed. The networks were then reequilibrated, and thetotal number of cross-links of 4000) were added. First stage cross-links
stresses were again determined. In both the A and B networks,above the gel point were removed before the stress was recorded.

the stage 1 cross-links were removed in one step. Tables 1 and

. X . Table 2. Stress Transfer Function Results from Networks B
2 summarize the various networks that were studied.

0|__]3(VI — O'LJ3V2 O'LJs(Vl - 'Vgel) [U] X
4. Results Vgel) X 10° x 10° x 10° D 108 (eloLs®)
As described above, we prepared various networks in which i-ﬁ %-22 8 8-2? g-gg
Qld (stage' 1) cross-links are removed ar)d new (stage 2) cross- 411 425 0 0.49 9.40
links are introduced while the system is strained. Does this 4.11 6.38 0 0.43 9.71
complicated cross-linking process affect the connectivity of the 8.21 4.25 0 0.68 9.80
resulting networks? To address this question, we analyzed the ~ 8-21 8.50 0 0.60 10.9

distribution of network chains of the networks with different 280 chains of 3500 monomers. Initially 1400 or 2800 cross-links were
cross-linking histories. These results are shown in Figure 3 for added and the network strainedite= 2.0. 350, 700, 1400, or 2800 more
the B networks. It can be seen that all the distributions agree cross-links added and the all of the initial cross-links taken away.

with an exponential distribution function expected for systems . : ; - . :
where four-functional cross-links are introduced in a random, U]

uncorrelated way. Thus, the network chain distributions of the 1;5 3
various networks appear to be independent of the cross-linking Eoaee o :
history and strain. \§ .

The stresses were obtained before and after removal of the —, T )Y ]
stage 1 cross-links from MD simulations for both the A and B Z 7 ° u&g ]
networks. These results are displayed in Tables 1 and 2. It is - %*%A a
possible to use this data to infer the stress transfer functions of 0'1;_ B }\5&# 8% op 1
the various systems in a model-free manner, without invoking r g\gﬁ?s‘fg"ia?,é
any particular rubber elasticity theory. This can be achieved by r \\\ 070
estimating the network chain density of a single-stage network I . . . | . . S
that has the same stress as the two-stage network with some of 0 100 200 300 400
the stage 1 cross-links removed. By definition, this network N,
chain density corresponds t§". Equation 3 can then be used  Figure 3. Network chain distribution for B networks with 1400 initial
to obtain the stress transfer function stage 1 cross-links with various cross-linking histories: 1400 stage 1

cross-links (circles); 1400 stage 2 cross-links.at 2 (squares) and

L A2 = 4 (diamonds) with all stage 1 cross-links removed; 2800 first
o -1 1 (10) stage cross-links replaced by 1400 s stage cross-linkk, at 2
v, (triangles). The dashed line is an exponential distribufR§Ns) =

exp[~Ny/NsJ with [N[= 100, which follows from the assumption
from v, and v, of the two-stage network of interest. To make that the chains are randomly cross-linked.

this estimate, we performed MD simulations on single-stage A , . , o
and B networks, at a fixed elongatian= 2.0, at three different B networks. Remarkably, both Flory’s and Fricker’s predictions

cross-link densities. These results are shown in Figure 4 for &€ in reasonable agreement with the simulation value® of
both networks A and B. The networks, while similar, do not Within the errors of the simulation. Note that the theoretical

exhibit exactly the same stress/strain relationship. As seen inPredictions for the stress transfer function were accurate despite
this figure, a linear dependence of the stress ds found for the fact that the affine and phantom models are known to be

both networks. guantitatively inaccurate. In fact, our previous MD investiga-

Figure 4 was then used to estim@gg by interpolation for tions'3 on identical networks indicated that inclusion of en-
all the two-stage networks studied with the results tabulated in tanglement effects is essential for the accurate prediction of the
Tables 1 and 2. We can now compare these stress transfepermanent set. It can be seen from Figures 5 that the phantom
functions from our MD simulations with the corresponding model seems to provide a somewhat more accurate prediction
predictions from the Florytheory for affine networks and the  for ® than the affine model. This is consistent with our earlier
Fricke® theory for phantom networks given by eqs 5 and 6, findings'® where the phantom model was found to be more
respectively. This comparison between simulation and theory accurate @ = 0.39) than the affine model for predicting the
is given in Figure 5a for the A networks and Figure 5b for the stresses at small strains.
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Figure 4. Deviatoric stresses for single stage A and B networks
atd, = 2. Lines show best linear fits. Points are from MD simulations.

5. Discussion

5.1. Constitutive Model. The fact that the Flory and Fricker
formulas for the stress transfer function agreed with the

simulations suggests that these formulas are not restricted to
just the affine or phantom models but may have more general

applicability. This leads us to speculate tldatalculated from

MD Simulations of Polymer Networks 135
oS WS A0, =
1 2 A
ow'j“kBT(/lz - /—1) + owgfkaT(/F - 7) (11)
2

whereo. = 1 (1/2) for the affine (phantom) model. Note that
when the network is held fixed at= A,, the second term in eq

11 drops out. Thus, for both the affine and phantom models,
the stress ratio before and after removal of cross-links has the
simple form given by

o(vy) v_‘;ﬁ vt Oy, 12)
o) v i

Equation 12 can be seen to be independert@nda for the
affine and phantom models.

Entanglement effects in polymer networks have recently been
treated as harmonic potentials forming effective tubes around
the primitive path of the polyméf 1625 |n contrast to the
junction-based modef8;3° tube models not only constrain
fluctuations at the junctions but also restrict the motions
of the intervening polymer segments. The entanglement
contribution to stress in tube models complicates the calculation
of the network stress transfer. We will examine the slip-tube
model developed Rubinstein and Panyukbv,which
represents the effect of entanglements by mobile rings defining

eqs 4, 5, or 6 could be applied to other constitutive models as g type surrounding the Gaussian network backbone. As in our
well. Thus, one could use the Flory or Fricker stress transfer previous worki3 we will use the tractable approximation of the

functions to obtain the effective network chain densitig%

and »5"

once locked-in during network formation, are essentially fixed)

within an encompassing framework based on network topology.

Attempts to treat rubber elasticity with this topological approach
have quickly mired in complexit§? The most successful recent

models have therefore treated connectivity and entanglements
as separate effects, which are then combined in some

manner+1623-26 The constrained junctiof,constrained mod®,
and the double tube mod&¥scombine the effects before

weighting accessible network conformations. This approach,

while conceptually satisfying, greatly complicates calculations.
Some tube model$?425 first calculate the stress due to

stress for the slip-tube model provided by Rubinstein and

in the generalized independent network hypothesis Panyukov
when used with a more accurate rubber elasticity theory that
includes entanglement effects. Ideally, one would like to treat
the network connectivity and the entanglement effects (which,

Wl 22 Ao
+ akBTVE (1—2 - 7) (13)

2

1

0=04A) + akBTv';“(AZ -3

where the entanglement stress is approximated by

G2 =17
0.74. + 0.6 ¥2—0.35

o) = (14)

for the slip-tube modelG, is the entanglement shear modulus
in the limit of small strain.

G, = v kT (15)

entanglements and then add a separate phantom network stres¥hich was founé® previously to beGe = 0.008%/o,* for both

term to account for the effect of network connectivity. Models
of this sort are more mathematically tractable. Here we will

test the concept of effective stress transfer using a model o

this sort, the slip-tube model of Rubinstein and Panyukov.
For this purpose we calculated the ratio of stresses atl,)
before and after removal off — v, stage 1 network chains per

unit volume and compared with the simulation results in Tables
1 and 2. The model depends on two parameters: the entangle-
ment modulus and the phantom modulus (itself a function of

cross-link density). In our previous pagérparameters were

obtained by extrapolating values recorded at finite strain to the

A = 1.0 limit. We obtain a value o&. = 0.008KT and a linear
relationship between cross-link density and phantom
modulus,Gyn = ovkT, wherea. = 0.39. For completeness, we

also made a similar comparison based on the affine/phantom

model.

our A and B networks. Equation 15 serves as our definition of
the chain densitye, which correspondg to v, = 0.00814 .

¢Because of the entanglement term in eq 13, the stress ratio

obtained from the slip-tube model is more complex than from
the affine/phantom models.

04(lp) + aksT(v, + Ovy) (122 - %)

2
1
7
Note that the stress ratio for the slip-tube model depends
explicitly on the factora. We found previoush# that a value
of @ = 0.39 is needed to obtain agreement with the MD
simulations of our networks in the small strain limit.

In Figure 6a,b we plotted the stress ratio predictions from
the affine/phantom and slip-tube models using the Fricker

o(vy) _

I

(16)

The generalized independent network hypothesis in eq 2, formula in eq 6 for the stress transfer function. Also plotted are

when used with the affirfé or phantor®® models, takes the form

the results from MD simulations of the A networks where
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Figure 5. (a) Comparison of the stress transfer function from MD Figure 6. (a) Stress ratio for networks A;, = 0.00684,% from
simulations of networks A obtained using a model-free approach with Simulation (points) compared with the phantom network prediction
Flory's prediction (eq 5) for the affine mode{dashed curve) and (dashed line) and the slip-tube mode (solid line). (b) Stress ratio for

; L P ks A, = 0.017665°, from simulation (points) compared with
Fricker predictiofi (eq 6) for the phantom model (solid line). Note that ~ NEIWOrks A Ly I r :
eq 5 is valid only for complete removal of stage 1 cross-links whereas € Phantom network prediction (dashed line) and the slip-tube mode

eq 6 is applicable to removal of some or all of the stage 1 cross-links, (S0lid line). Inset: v, = 0.02046.5°

Squares represent simulations with no remaining first stage cross-links, L . .
and circles represent cases with some portion of the first stage considering ideal phantom networks, remains valid even for the

remaining. (b) Comparison of the stress transfer function from phantom contribution in an entangled polymeric network.

MD simulations of networks B obtained using a model-free approach ~ The independent network hypothesis has previously been

with Flory's prediction (eq 5) for the affine mode(dashed curve) g ianded to any number of network formation stages for the

and Fricker's predictich(eq 6) for the phantom model (solid line). - 1 .

Here circles represent the case with initial stage 1 network chain density @ffin€’ and the phantom models! The stress transfer function,

vt = 0.00416. and squares with = 0.00826, . In both cases all however, was not previously extended in the same manner. We

the original stage 1 cross-links were removed. have generated a preliminary approximate extension of the
Fricker transfer function to an arbitrary number of stages, each
involving scission and/or cross-linking, in a form appropriate

oL®v2, = 0.0068, 0.0136, and 0.0204 and all of the stage 1 cross- for inclusion into finite element codes. The effective cross-link

links are removed. It can be seen from these figures that thedensity of thepth stage network is, in this scheme, given by

affine/phantom model greatly underestimates the stress ratio _

since no entanglement effects are included in the theory. By off Pl e n R !

contrast, the slip-tube model is in very good agreement with Vo = Vp(l - Z z‘pp') + @, Z v (17)

all the MD simulations of the A networks. Figure 7a,b shows =1kEp =prl keprl

similar comparisons with MD simulations of networks B where

0.(v] — vge) = 0.00411 and 0.00821. Good agreement is

found between the slip-tube theory and MD simulations of both R =

networks A and B even though the Fricker formula d@mwas P

derived using the phantom network model.

The data displayed in the previous figures represents cases

where all of the stage 1 cross-links above gelation are removed,Thjs extension allows the analysis of elastomers with arbitrary
but it is possible to make predictions for systems with some strain histories.

portion of the stage 1 cross-links remaining using Fricker's 52 | ocalization of Cross-Links.In order to gain further

where

cross-links created in stageemoved in stage
total number of cross-links created before stdage {)

formula for the effective stage 1 cross-link densit§f, = v, + insight into the stress transfer of stage 1 to stage 2 cross-links,
vo[(vi — vi)lv]. Figure 8 shows the stress divided by the we investigated whether there were differences in localization
stress at a standard network chain density= 0.01766 5, of the various types of cross-linkages. Chains are localized in

for the networks A and the slip-tube model as a function of space due to both entanglements and chemical cross-links in
this quantity. The excellent agreement between theory andthe network. This localization occurs all along the chain
simulation suggests that the Fricker formula, obtained by backbone as monomer units experience lateral fluctuations inside
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Figure 9. Localization of cross-links vs strand length for directions
parallel (lower) and perpendicular (upper) to the strain direction at
A2 = 2.0 for B networks. Stage 1 networks (circles, stars); stage 2
networks obtained from stage 1 networks with 1400 (squars3,and
2800 (diamonds, pluses) cross-links. The inset shows the crosdslink
(circles, squares, diamonds) and entanglendgr(stars, x’s, pluses)

to the localization.

plateau dx,?> = go(t — ©)/2 is a direct measure of the
localization experienced by the cross-links. This extrapolation
is made by performing a least-square fit to the functional form

9(dh%8) = 20,71 — exp(—(t/Zdy’)™)]

to the sampled mean-square displacements.
Figure 7. (a) Stress ratio for the B networks fof = 0.00416.;° as Flgur_e 9 shows the strength of the Crpss-llnk Iocallzatlon as
a function of v, when all of the original stage 1 cross-links were @ function of the average network chain length. Fluctuations
removed. Points are the MD simulations, and the solid curve is the are anisotropic and smaller in the direction perpendicular to the
prediction from the slip-tube model. (b) Stress ratio for the B networks elongation. As the strands become longer, the network becomes
for v; = 0.00864.° as a function o, when all of the original stage  softer and the fluctuations increase for both the stage 1 and 2
1 cross-links were removed. Points are the MD simulations, and the networks. Interestingly, the localization of the stage 2 cross-
solid curve is the prediction from the slip-tube model. . . - .
links does not seem to depend on the original cross-link density
and differs slightly from the values found for pure stage 1

0.008

0 0.004

3
GLJVZ

1

networks. Postcuring under strain appears to increase the

09F ] localization parallel to the elongation, while fluctuations in the
—_ perpendicular direction seem only weakly affected.
IO08F ] The observed behavior qualitatively agrees with theoretical
g o7k ] expectations. For stage 1 networks it was fo#idat the strain
= ) dependence of the cross-link fluctuations is well characterized
206} Y ] by the functional form

L
o5t : de(he) = da () + A, dg () (19)
04 ——52—"07 5% 05 predicted by the double tube thedfyThe inset of Figure 9

shows the decomposition of the cross-link localization length
. L 5

Figure 8. Relative stress (relative to stress at a standard cross-link dczlnto COﬂtI’IbuFIOI’ISdA and dg eXtTaCt?d fromdy (’1”_) and

density, v, = 0.017644é,,*chosen to match the highest initial cross- 9x"(A0). The strain-dependent contribution characterizediby

link density) as a function of". Circles represent cases where some 1S dué to entanglements, while cross-linking chains into a

residual first stage cross-links remain while squares represent cased'€twork leads to a strain independent localization. In particular,
with all stage 1 cross-links above gelation are removed. The line one expectsda? ~ NJindependently of the cross-linking

represents the slip tube prediction using Fricker’s effective stress transferhistory_ The entanglement tube diameter should be of the order

function. ds? ~ N independently ofiNs[] whereN, denotes the entangle-

their entanglement tube. We have measured the mean-squar(ra‘nent Ien_gth. . .

displacement : 5.3. M|proscoplc Defgrmatlong.The I.ength-scale qlependent
deformations of the microscopic chain conformations can be

characterized by the dimensionless ratia?,4,E%(n) Cand

3MA(n,A)Im3(n)Cas a function of the chemical distanzeHere

the numerators are the Cartesian components of the mean-square

for the Cartesian components (denotedodyof the cross-links distances parallel and perpendicular to the strain direction, while

averaged over all four-functional cross-links and time. At short the denominator denotes the isotropic mean-square distance

times the mean-square displacements show subdiffusive behavsampled in the unstrained state.

ior as the cross-link junctions are tethered by their pendent Figure 10 shows the microscopic deformations for stage 1 B

chains. At large times a plateau is reached. The height of this networks compared to a corresponding st2gB networks in

or,v,*10.01764

0a(AY) = Ory(t + At) — r ()’ (18)
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systematic dependence on the density of stage 2 networks which
is barely discernible in the Figure 10 microdeformations. Such

a dependence was predicted theoretically by the Flory and
Fricker theories in eqs 5 and 6 for the stress transfer function

® and is seen in Figures 1 and 5.

>/ <r2(n)>

a

< 6. Conclusions

=
! ol In this investigation we used MD simulations to investigate
2 A =2 the effect of scission of the initial chemical network in an

elastomer formed in two stages. Very good agreement with
025 L L S simulation was found for the stress transfer functions deduced
10° 10 from Gaussian and phantom theories, despite the fact that these

Figure 10. Scale dependence of the microscopic deformations parallel simple theories do not include the effect of entanglements and
(greater than unity) and perpendicular (less than unity) to the strain &€ known to be inadequate for predicting the stress. This result

direction for stage 1 ah2 B networks at straink = 1.0, 2.0, and 4.0. suggests that these simple stress transfer functions have a
Stage 1 networks with 1400 cross-links (solid lines with error bars). broader applicability and could be applied to more rigorous
Stage 2 networks where the original stage 1 cross-links were removedmodels that include entanglements.

and replaced by 700 (circles), 1400 (squares), and 2100 (diamonds) . . ) o o
cross-links in the strained state. This empirical ansatz was demonstrated in this investigation

by applying the stress transfer function of FricRedteduced
from the phantom model, into the slip-tube model of Rubinstein
and Panyukol* to calculate the stress from multiple stage
deformations with sequential cross-linking and scission. The
results reported here show that this simple approach does indeed
lead to stress predictions in very good agreement with simula-
tion. This suggests that the effect of stress transfer and multiple
stage cross-linking in entangled networks could be incorporated
into tube models to provide a more rigorous foundation for the
treatment of chemically reacting networks.

._.
°4

o)/ kT |

2,=20 It should be emphasized that in the investigation reported
1020 L L X . here we studied the case of sequentially removing the stage 1
10° 10' n 10° cross-links with the stage 2 cross-link density held fixed. The

. . Jnore practical application arises when cross-linking and scission
Figure 11. Scale dependence of the mesoscopic stress for stage 1 an . - . . .
2 B networks at uniaxial stretch ratios of 2.0 and 4.0. Stage 1 network &€ occurring simultaneously. Although we did not consider this

with 1400 cross-links (solid lines with error bars). Stage 2 networks More general problem here, it could be also treated following
where the original stage 1 cross-links were removed and replaced bythe approach of Flofyand Fricke who did consider this case
700 (circles), 1400 (squares), and 2100 (diamonds) cross-links in the for Gaussian and phantom models.

strained state. . . . o
We briefly comment on possible implications of our results

which various numbers of stage 1 cross-links were removed. for the theoretical description of stress equilibration in entangled
At large chemical distances affine behavior is observed, which melts of linear or branched polymers. In these systems,
is expected for the deformation of a solid. At short distances, Brownian chain motion leads to a continuous renewal of
however, chain conformations are only weakly perturbed. This entanglement constraints. To apply the present notation to an
is a characteristic of polymeric liquids, where moderate strain entangled melt after a step strain, one might distinguish between
causes the chemical bonds to partially align with the deformation the remaining original stage 1 entanglements and the newly
rather than stretch. The crossover between these two regimesormed stage 2 entanglements. According to the tube niddel,
defines a characteristic length, which appears to be about 25%stage 2 entanglements would be found on chain portions which
larger in stage 2 networks. This is a clear indication of partial have left their original surroundings via reptation or contour
structural relaxation of the network after the removal of the length fluctuations. Furthermore, constraint release should lead
original cross-links. to a gradual replacement of stage 1 entanglements along the
The macroscopic elastic reponse of a polymer network to remaining sections of the tube. Our point here is that the
strain is due to the entropy loss associated with the changes ofobservation of stress transfer during the renewal process in
the microscopic chain conformations. Using the length-scale chemically cross-linked networks sheds some doubt on the
dependent deformations, one can define a mesoscopic stressommon assumption that there is no stress contribution from

function'3-32 chain portions which have left their original tube in melts.
2 2
(NA) = 3ksToy(N) T (n,/ln[l]]_ 0"(n.Ag (20) Acknowledgment. Sandia is a multiprogram laboratory
LA Ps mz(n)D mz(n)D operated by Sandia Corporation, a Lockheed Martin Company,

for the United States Department of Energy’s National Nuclear
from which the macroscopic stress can be estimated in the limit Security Administration under Contract DE-AC04-94AL85000.
of or(n) asn — 0. The corresponding data are shown in Figure C.S. is a Steno Research Assistant Professor funded by the
11. Normal stresses in stage 2 networks are nonzero but clearlyDanish Natural Science Research Council and gratefully ac-
lower than the corresponding stage 1 network. This is consistentknowledges this support. The authors acknowledge Aidan
with the partial transfer of stress from the stage 1 to the stage Thompson whose modified LAMMPS code was used for the
2 cross-links. Note from Figure 11 that there is a weak but simulation set A presented here.
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